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Abstract A novel analysis of the gauge theory of the local Lorentz group is implemented both
in flat and in curved space-time, and the resulting dynamics is analyzed in view of the geometrical
interpretation of the gauge potential. The Yang-Mills picture of local Lorentz transformations
is first approached in a second-order formalism. For the Lagrangian approach to reproduce the
second Cartan structure equation as soon as the Lorentz gauge connections are identified with the
contortion tensor, an interaction term between the Lorentz gauge fields and the spin connections
has to be postulated. The full picture involving gravity, torsion and spinors is described by a
coupled set of field equations, which allows one to interpret both gravitational spin connections and
matter spin density as the source term for the Yang-Mills equations. The contortion tensor acquires
a propagating character, because of its non-Abelian feature, and the pure contact interaction is
restored in the limit of vanishing Lorentz connections. [PACS: 02.40.Hw, 11.15.-q, 04.62.+v]
1 Introduction
Gauge theories describe all physical interactions, but the gravitational one. Many attempts to
construct a gauge model of gravitation exist, in particular the papers by Utiyama [1] and by Kibble
[2] were the starting points for various gauge approaches to gravitation. As a result, Poincaré gauge
theory (PGT) [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] is a generalization of the Einstein scheme of gravity,
in which not only the energy-momentum tensor, but also the spin of matter plays a dynamical role
when coupled to Lorentz connections, in a non-Riemannian space-time. Anyway, up to now, neither
PGT nor other gauge approaches to the gravitational interaction have led to a consistent quantum
scheme of the gravitational field. To include spinor fields consistently, it is necessary to extend the
framework of General Relativity (GR), as already realized by Hehl et al. [4]: this necessity is strictly
connected with the non existence in GR of an independent concept of spin angular momentum for
physical fields, as the Lorentz group has not an independent status of gauge group in GR.
The Eintein-Cartan Theory (ECT) theory accounts for both mass and spin of matter as sources
of the gravitational field, and represent a description of gravity which is more suitable than GR
from a microscopical point of view. In fact, fundamental interactions other than gravity are usually
described within a theoretical framework, where matter is described by matter fields, and, spin,
symmetries and conservation laws are properly encoded. In GR, contrastingly, matter can be
described by point particles, fluids and light rays. This fundamental difference notwithstanding,
spin effects are are negligible for macroscopic matter, so that the observational predictions of EC
theory are regarded as the same as GR, from a phenomenological point of view [9]. Furthermore,
ECT is a special case of PGT. However, PGT is much more general than ECT and encompasses
also propagating Lorentz connections.
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The gauge freedom of the gravitational interaction is the invariance under diffeomorphisms [13],
strictly connected with the general-covariance principle. Moreover, the equivalence of any local
reference system introduces another gauge freedom, mathematically expressed by the invariance of
the model under local Lorentz transformations. But the former gauge freedom reabsorbs the latter,
depriving the local Lorentz gauge group of independent gauge connections. Thus the dynamics of
the gravitational field reduces to that of tetrads, while spin connections (introduced as gauge fields
of local Lorentz transformations) have no longer an independent role in this framework, being only
a particular combination of the tetrad fields and their derivatives.
The reasons of this have to be searched in the physical content of the two gauge transformations.
From a mathematical point of view, using the tetrad formalism allows one to distinguish between
diffeomorphisms and local Lorentz transformations, the first acting as a pull-back on the tetrad
fields, while the second as a Lorentz rotation of the local basis; but, as we shall see, in the case of
isometric coordinate transformations, the former can be restated in terms of the latter, and spin
connections no longer have the proper change to ensure local Lorentz invariance. In fact, under
isometric diffeomorphisms, spin connections transform as tensors, and cannot be gauge potentials
for such diffeomorphism-induced local rotations.
Indeed, in the coordinate formalism, an infinitesimal diffeomorphism reads
xµ → x′µ = xµ + αµ (x) , (1)
where αµ (x) are four C∞ functions, while an infinitesimal Lorentz (isometric) rotation has the form
xµ → x′µ = xµ + αµνx
ν , (2)
where αµν are the six infinitesimal rotational parameters. For local Lorentz transformations, (2)
can be reabsorbed in (1), i.e.,
xµ → x′µ = xµ + αµν (x)x
ν = xµ + α˜µ (x) . (3)
This point of view is easily generalized to the case of scalar or macroscopic matter, which can
be consistently approximated to spin-less matter, while gives rise to striking differences for spin-
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2 matter fields: fermions are described by a spinor representation of the Lorentz group, while
the diffeomorphism group has no finite spinor representation. For the study of classical spinning
particles interacting with the gravitational field, see also [14]. The transformation law of fermions
under local Lorentz rotations can no way be reabsorbed in the transformation law of tensor fields
under the group of diffeomorphisms. Accordingly, the framework has to be further extended to
consistently include fermions, giving back to the Lorentz group its status of independent gauge
group [4], with its own connection fields, not directly related with the tetrad fields, as they are in
General Relativity.
Nevertheless, it is worth stressing that infinite representations of such a group do exist, as shown
in [15, 16] and the references therein. Finite spinors can introduced either by making use of the non-
linear representations of the double covering of the general-coordinate-transformation group, which
are linear when restricted to the Poincaré subgroup, or by introducing a bundle of cotangent frames
and defining in this space the action of a physically-distnct Lorentz group. In the second case,
after generalizing the Lorentz group, infinite-dimensional linear spinor representations or finite-
dimensional non-linear spinor representations can be found. In [16], infinite-component spinor and
tensor fields (so-called manifields) are introduced: these manifields are are then lifted to the proper
corresponding representation via the introduction of infinite-component frame-fields.
Since, in our approach, the introduction of a Lorentz gauge field is based on the fact that spinors
behave as a representation of the Lorentz group [17], translations (i.e., non-isometric infinitesimal
diffeomorphisms) are not included in this gauge picture, because, from this point of view, transla-
tions are not distinguishable from generic diffeomorphisms.
In this respect, it is worth recalling that the teleparallel theory of gravity can be treated phys-
ically as a gauge theory of translations. In fact, teleparallel gravity can be understood within the
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framework of metric-affine gravitational theories [18], and it is picked up from such other models
by reducing the affine symmetry group to the translation subgroup, i.e. by imposing vanishing cur-
vature and non-metricity. Within the framework of a metric-affine approach to teleparallel gravity,
the introduction of spinless matter, characterized only by the energy-momentum, can be illustrated
to be completely consistent with teleparallelism, while the case of spinning matter sources exhibits
a consistency problem, and teleparallelism appears to be not applicable in the second case [19]. On
the other hand, formulations have been proposed, in which gravity can be understood as deriving
from translation symmetry (see, for example [19, 20, 21] and all the references therein).
PGT is the theoretical framework that enables one to take into account both translations and
Lorentz transformations, and spinor dynamics in curved space-time is recovered by the introduction
of compensating fields that restore local invariance [3]. The present proposal [17, 22, 23] differs from
PGT also because we obtain differential dynamical equations for the gauge connections, rather than
algebraic ones. Nevertheless, a contact interaction is recovered in the limit of vanishing Lorentz
connections, where the relation between the spin connections and the spin density becomes algebraic.
For another propagative approach to torsion, see, for example, [24, 25, 26].
The paper is organized as follows. The features of GR that make it resemble to a gauge theory
are reviewed in the first Section, where the tools which will support our analysis, i.e., the tetrad
formalism and Cartan structure equations, are revised, and the properties of local Lorentz trans-
formations are outlined. The second Section is aimed at describing PGT both from gauge and
from geometrical points of view. The geometrical structure of PGT and the geometrical meaning
of gauge fields and conserved quantities will follow from the comparison. This section is mostly de-
voted at stressing those features that allow us to examine differences and consider similarities with
the Lorentz-gauge proposal. In Section 3, we will briefly revise the main features of Teleparallel
geometry, understood as a limit of PGT, and particular attention will be devoted to the case of
parallelizable manifolds. In fact, in this case, the interpretation of the scheme as a gauge theory of
translations can be conceived as complementary of a gauge theory of the Lorentz group. In Section
4, we will show the possibility to restate isometric diffeomorphisms in terms of local Lorentz rota-
tions, both in their finite and infinitesimal character. A gauge theory for the local Lorentz group on
flat space-time is implemented in Section five. After defining the space where local Lorentz transfor-
mations take place, we will implement Lorentz gauge transformations for spinor fields, from which
the non-Abelian character of the gauge field will be inferred, and a suitable bosonic Lagrangian den-
sity will be established, accordingly. Finally, Dirac and Yang-Mills equations will be derived, where
the interaction between spinors and the gauge fields shows up [17, 24, 25, 26, 22, 23]. The results
of the previous section will be generalized to curved space-time in the sixth Section. Local Lorentz
transformations in curved space-time will be analyzed, and two different approaches (second- and
first-order formalism, respectively) to implement a Lorentz gauge theory in such a scenario will be
followed. Dirac, Yang-Mills, and Einstein equations will be derived in both cases. In particular,
the relation between suitable bein projections of the contortion field and Lorentz gauge fields will
be hinted in the second-order formalism, and the geometrical hypotheses for such an identification
will be investigated in the first-order formalism. An interaction term between the Lorentz gauge
field and the spin connections has to be postulated in order to restore the proper mathematical
identification from the second Cartan structure equation. First- and second-order approaches will
be eventually compared in the linearized regime. In Section 7, brief concluding remarks follow.
Throughout this paper, we adopt the following notation:
• lower-case Greek letters from the beginning of the alphabet (i.e. α, β) denote 4-dimensional inertial indices,
α = 0, 1, 2, 3;
• lower-case Greek letters from the middle of the alphabet (i.e. µ, ν) denote general 4-dimensional world indices,
µ = 0, 1, 2, 3;
• lower-case Latin letters from the beginning of the alphabet (i.e. a, b) denote 4-dimensional bein indices,
a = 0, 1, 2, 3;
• lower-case Latin letters from the middle of the alphabet (i.e. m, n) denote the rank of tensors or the dimension
of spaces;
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• lower-case Latin letters from the second half of the alphabet (i.e. r, s) denote spinor indices, r = 1, 2;
• repeated indices are summed over for tensor objects and the summation symbol is usually omitted (i.e. vµvµ ≡∑µ=3
µ=0 v
µvµ)
• lower-case Latin letters from the first part of the alphabet (i.e. i, j) denote indices whithin summation, to
which peculiar attention attention has to be devoted;
• ∧ denotes exterior product;
• ⋆ denotes the Hodge operator for forms ( i.e. ⋆η = 1
p!
ηm1...mpǫ
m1...mp
mp+1...mndx
mp+1 ∧ ... ∧ dxmn , where η
is a p-form on a n-dimensional manifold);
• ¯ (overbar) denotes adjoint spinors (i.e. ψ¯ = ψ†γ0, where ψ is a spinor, ψ† the conjugate spinor and γ0 the
zero-th Dirac matrix).
2 General Relativity as a gauge theory
This section is aimed at describing GR as a gauge model, i.e., at pointing out the features that
render the comparison possible, as well as those that make this theory isolated form the gauge
picture, such as the metric field, which has no analogues in other known physical interactions.
Metric tensor and tetrad field Let M4 be a 4-dimensional pseudo-Riemannian manifold , and
e a one-to-one map on it, e : M4 → TM4x , which sends tensor fields on M
4 in tensor fields in
the Minkowskian tangent space TM4x : the fields e
a
µ are called tetrads or vierbein, and are an
orthonormal basis for the local Minkowskian space-time; Greek indices (µ = 0, 1, 2, 3) change as
tensor ones under general coordinate transformations, while Latin indices (i = 0, 1, 2, 3) refer to
local Lorentz transformations. The following relations between the tetrads and the metric field gµν
of the manifold M4 hold
gµν = ηabe
a
µ e
b
ν , e
a
µ e
µ
b = δ
a
b , e
a
µ e
ν
a = δ
ν
µ, (4)
where ηab is the metric tensor in the local Minkowski frame. Eq. (4) states that, given the tetrad
field e aµ , the metric tensor gµν is uniquely determined, and all metric properties of the space-time
are expressed by the tetrad field, accordingly. It is worth noting that the converse is not true: there
are infinitely many choices of the local basis that reproduce the same metric tensor, because of
the local Lorentz gauge invariance. This is also the reason why there are more components in e aµ
than in the metric gµν , the difference being six, i.e., the number of independent rotations in four
dimensions.
Rewriting usual tensor equations in a frame formalism allows us to project tensor fields from the 4-
dimensional manifold to the Minkowskian space-time, thus emphasizing the local Lorentz invariance
of the scheme. Moreover, to assure that the projected derivative of a tensor field be invariant under
local Lorentz transformations, the connection 1-forms ωab must be introduced, which take values
in the adjoint representation of the Lorentz group. They define the covariant exterior derivative
operator d(ω), whose action on Lorentz-valued differential forms is
d(ω)va1,...,anc1,...,cm = dv
a1,...,an
c1,...,cm
+Σni=1ω
ai
bi
∧ va1,...,bi,...,anc1,...,cm +
−Σmj=1ω
dj
cj
∧ va1,...,anc1,...,dj,...,cm . (5)
For later purposes, it’s worth remarking that the introduction of the tetrad formalism enables one to
include spinor fields in the dynamics, as spinor fields are a particular representation of the Lorentz
group.
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Structure equations Connection 1-forms lead to the usual definition of the curvature 2-form Rab:
d(ω) ◦ d(ω)va = Rab ∧ v
b, (6)
or
Rab = dω
a
b + ω
a
c ∧ ω
c
b, (7)
which is the first Cartan structure equation, and can be rewritten as the Bianchi identity
d(ω)Rab = 0. (8)
In this formalism, the action for GR consists of the lowest- order non-trivial scalar combination of
the Riemann curvature 2-form (6) and the tetrad fields, that is the Hilbert-Einstein action
S(e, ω) =
1
4
∫
ǫabcd e
a ∧ eb ∧Rcd. (9)
Variation with respect to connections leads to the second Cartan structure equation in the torsion-
less case,
dea + ωab ∧ e
b = 0, (10)
which links the tetrad fields to the spin connections and leads to the identity
eb ∧Rab = 0. (11)
Variation with respect to tetrads leads to the following equations:
ǫabcd e
b ∧Rcd = 0, (12)
which give the dynamical Einstein field equations, once the solution of the second Cartan structure
equation (10) is considered.
We remark that, under local Lorentz transformations, spin-connections transform like a Lorentz
gauge vector, and the Riemann 2-form is preserved by such a change. Therefore, in flat space-time,
we deal with non-zero spin connections, but a vanishing curvature 2-form. In both flat and curved
space-time, spin connections exhibit the right behavior to play the role of Lorentz gauge fields, and
GR has the features of a gauge theory, despite some relevant shortcomings outlined below.
Lie Derivatives and Killing Vectors A coordinate transformation x→ x′ that does not modify the
form of the metric defines the isometry group of a given space. For the infinitesimal transformation
xµ → x′µ = xµ+ξµ, the invariance of the metric is expressed by the Killing equation ξµ,ν+ξν,µ = 0.
Expanding ξµ in power series of x, we find that global Poincaré transformations have the form
ξµ = ǫµ+ωµνx
µ, and are defined in terms of ten constant parameters ωµν = −ωνµ and ǫµ, i.e. these
transformations are translations and Lorentz rotations.
It is possible to associate a vector field to a one-parameter family of diffeomorphisms [13]. In fact,
given a manifold M , a one-parameter group of diffeomorphisms φt is a C
∞ map from R×M →M
such that for any fixed t ∈ R, φt : M → M is a diffeomorphism, φt ◦ φs = φt+s, and φt=0 is
the identity. Then for any point p ∈ M,φt(P ) : R → M , there is a curve that passes through
p at t = 0. This way, vp is the tangent to this curve at t = 0. This way, the vector field v is
associated to the one-parameter group of transformations, and can be regarded as the generator of
these transformations.
Given a manifold N and a function f on it, f : N → R, such that f ◦ φ : M → R, φ∗ is defined
as (φ∗v)(f) = v(f ◦ φ). The Lie derivative Lv of a smooth tensor field T
a1...am
b1...bn
at the point p with
respect to v is defined as
LvT
a1...am
b1...bn
= lim
t→0
φ∗
−tT
a1...am
b1...bn
− T a1...amb1...bn
t
, (13)
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and is a linear map from tensors of rank (m,n) to tensors of rank (m,n). Furthermore, LvT
a1...am
b1...bn
=
0 everywhere iff φt is a symmetry transformation for T
a1...am
b1...bn
for all t.
When specified for the features of the gravitational field, the discussion above leads to the def-
inition of isometries for the metric tensor. In fact, if φt : M → M is a one-parameter group of
isometries, φ∗t gµν = gµν , the vector field ξ that generates φt is a Killing vector field, and ξ satisfies
the Killing equation ∇µξν +∇νξµ = 0.
Despite the use of the Lie derivative is the most appropriate and synthetic approach to the
characterization of the properties of the local translation group, in what follows we will retain the
usual space-time covariant formulation in order to keep the mathematical formulation of the gauge
theory of the Lorentz group as close as possible to its physical implementation at the level of field
dynamics, in agreement with common approaches [13].
Physical interpretation So far, it is possible, on the one hand, to appreciate the similarity with
gauge theories, the role of connection fields being played by spin connections, ω aµ b, and, on the
other hand, to remark that the presence of the tetrad field, introduced by the Principle of General
Covariance, is an ambiguous element for a gauge paradigm. This scenario would be appropriate
if the theory were based on two independent degrees of freedom. Since spin connections can be
uniquely determined as functions of tetrad fields, (10), then this correlation opens a puzzle in the
interpretation of these connections as the only fundamental fields of the gauge scheme.
Nonetheless, it is just the introduction of fermions that requires to treat local Lorentz transfor-
mations as the real independent gauge of GR. In fact, when spinor fields are taken into account,
their transformations under the local Lorentz symmetry imply that the Dirac equation is endowed
with non-zero spin connections even on Minkowskian space-time, as developed in section 5. Because
of the behavior of spinor fields, it becomes crucial to investigate whether diffeomorphisms can be
reinterpreted to some extent as local Lorentz transformations.
3 Poincaré gauge theory
In this section, we analyze a well-established proposal to connect the presence of torsion with the
local nature of the Poincareé symmetry. This approach represents a comparison scheme for the
present developments of the model outlined here. PGT will be described from both a gauge and a
geometrical point of view, and particular attention will be payed to the physical meaning of field
equations, which predict a contact interaction, i.e., a non-propagating gauge field.
Gauge approach Let us consider an infinitesimal global Poincaré transformation in Minkowski
space,
xµ → x′µ = xµ + ǫ˜µνx
ν + ǫ˜µ, (14)
and the consequent transformation law for spinor fields
ψ (x)→ ψ′ (x) =
(
1 +
1
2
ǫ˜µνMµν + ǫ˜
µPµ
)
ψ (x) , (15)
where the generators Mµν = Lµν + Σµν and Pµ obey Lie-algebra commutation relations. If the
matter Lagrangian density is assumed to depend on the spinor field and on its derivatives only,
L = L(ψ, ∂µψ), and if the equations of motion are assumed to hold, the conservation law ∂µJ
µ = 0
is found, where
Jµ =
1
2
ǫ˜νλMµνλ − ǫ˜
νT µν , (16)
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where the canonical energy-momentum and angular-momentum tensors are defined, respectively,
as
T µν =
∂L
∂ψ,µ
∂νψ − δ
µ
νL, (17)
Mµνλ =
(
xνT
µ
λ − x
λT µν
)
− Sµνλ ≡
≡
(
xνT
µ
λ − x
λT µν
)
+
∂L
∂ψ,µ
Σνλψ. (18)
Because the parameters in (16) are constant, according to the Noether theorem, conservation laws
for the energy-momentum current and for the angular-momentum current, together with the related
charges, are established1:
∂µT
µ
ν = 0⇒ P
ν =
∫
d3xT 0ν (19)
∂µM
µ
νλ = 0⇒Mνλ =
∫
d3xM0νλ. (20)
When transformations are locally implemented, eq.s (16)-(20) do not hold any more, and compen-
sating gauge fields have to be introduced in order to restore local invariance. As a first step, a
covariant derivative Daψ is defined as
Daψ = e
µ
a Dµψ = e
µ
a (∂µ +Aµ)ψ = e
µ
a
(
∂µ +
1
2
Aabµ Σab
)
ψ, (21)
where the compensating fields ekµ and A
ij
µ , and the generator Σij have been taken into account.
This way, the Lagrangian density depends on the covariant derivative of the fields, instead of
the ordinary one, L = L(ψ,Daψ); covariant derivatives (21) do not commute, but satisfy the
commutation relation
[Dµ, Dν ]ψ =
1
2
F abµνΣabψ,
[Dd, Df ]ψ =
1
2
F abdfΣabψ − F
c
dfDcψ, (22)
where F abµν and F
c
df are the Lorentz field strength and the translation field strength, respectively.
Covariant energy-momentum and spin currents, T ′µν and S
′µ
ab, can be found, in analogy with the
global case, after the substitution ∂µ → Dµ, and are found to be equivalent, if the equation of
motion for matter fields are assumed to hold, to the dynamical currents τµν and σ
µ
ab,
T ′µν =
∂L
∂Dµψ
Dνψ − δ
µ
νL ≡ τ
µ
ν = e
µ
a
∂L
∂e νa
, (23)
S′µab = −
∂L
∂Dµψ
Σabψ ≡ σ
µ
ab = −
∂L
∂Aabµ
. (24)
As outlined in [4], it is possible to infer the inadequacy of special relativity to describe the behavior
of matter fields under local Poincaré transformations. Global Poincaré transformations preserve
distances between events and the metric properties of neighboring matter fields: comparing field
amplitudes before performing the transformation, and then transforming the result, or comparing
the transformed amplitudes of the fields is equivalent. This property is known as rigidity condition,
as matter fields behave as rigid bodies under this kind of transformations. On the contrary, it
can be shown that the action of local Poincaré transformations can be interpreted as an irregular
deformation of matter fields, thus predicting different phenomenological evidences for the field and
for the transformed field. The compensating gauge fields ecµ and A
ab
µ, introduced to restore local
invariance, describe geometrical properties of the space-time, as it can be easily argued from a
geometrical point of view.
1if the integration on the boundaries of the 3-space brings vanishing contributions.
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Geometrical approach The geometrical approach to PGT can be carried out by considering the
most general metric-compatible linear connections,
Γµνρ =
{
µ
νρ
}
−Kµνρ, (25)
where
{
µ
νρ
}
≡
{
µ
ρν
}
are the Christoffel symbols, and Kµνρ ≡ K
µ
ρν the contortion tensor, with
24 independent components, which can be written as a function of the torsion field T µνρ,
Kµνρ = −
1
2
(
T µνρ − T
µ
ρ ν + T
µ
νρ
)
. (26)
Geometric covariant derivatives are defined as
Dµψ = (∂µ + ωµ)ψ =
(
∂µ +
1
2
ωabµΣab
)
ψ, (27)
where the spin connections ωabµ consist of the bein projections of the Ricci rotation coefficients and
the contortion field, respectively: ωabµ = Rabµ +Kabµ.
The gauge potentials e µa are generally interpreted as the relation between the orthonormal frame
(Greek indices) and the coordinate one (Latin indices), while the introduction of the gauge potentials
ωabµ is connected with the corresponding rotations of the orthonormal basis at neighboring points:
this induces a change in the derivative operator, i.e.
∂µ → Dµ ≡ ∂µ +
1
2
ωabµ Σab. (28)
Torsion contributes to the gravitational dynamics, according to its gravitational action: it has been
illustrated [27] that the most general form for a Lagrangian LT (which allows for equation of motion
that are at most of second order in the field derivatives) is
LT = ATabcT
abc +BTabcT
bac + CTaT
a ≡ babcT
abc, (29)
where Ta = T
b
ba and babc = a
(
ATabc+BT[bac]+Cηa[bTc]
)
. The values of the parameters A,B,C are
to be determined according to the Physics that has to be described, and some relevant examples
are discussed in [28, 11, 12, 9].
Discussion The comparison of gauge and geometrical approaches leads to the identification of the
Lorentz gauge fieldsAabµ, which accounts for local Lorentz transformations, with the spin connections
ωabµ, and the fields e
µ
a , which describe translations, with the components of the tetrad field. This
way, the identifications of the Lorentz field strength with curvature, and that of the translation field
strength with torsion, are straightforward.
After the introduction of covariant derivatives, the coordinate representation of the generators of
translations, Pµ → ∂µ, changes as Pµ → Dµ with the implementation of local transformations; the
variation of matter fields, in the two cases, differs by a local Lorentz rotation, thus mixing up the
concept of translations and Lorentz rotations [29].
The analysis of [30, 31], based on the conception of Poincaré symmetry as a purely inner symmetry
on Minkowskian background, sheds light on the relation between gravity and the structure of
spacetime. According to this scheme, the global action of the Poincaré group is analogous to the
description of the action of inner-symmetry groups as groups of generalized rotations in the field
space. The interpretation of the resulting theory as a gauge theory of gravitation is achieved by
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requiring that the corresponding local invariance show up as invariance under general coordinate
transformations and local SO(3, 1) frame rotations.
Furthermore, the usual Einstein-Hilbert action for gravity in four dimensions is not invariant
under the translational part of the Poincaré group, while is invariant under the Lorentz group.
Because of these unpleasant features, the straightforward interpretation of PGT as a gauge theory
of gravity implies a non-trivial modification of the geometrodynamics. Field equations read:
1
e
Dµ (ee
ν
ae
µ
b ) = S
ν
ab, (30a)
R µbab −
1
2
eµaR
cd
cd = T
µ
a . (30b)
The first equation provides the expression of the connections of the rotation group as a function
of the connections of the translation group and the matter fields, while the second equation is the
Einstein dynamical equation: tensor fields involved in the equations above must satisfy identities (8)
and (11). By the geometrical identification of covariant gauge derivatives, (24) becomes an algebraic
relation between spin and torsion: since the relation is not differential, torsion is not predicted to
propagate, but its existence is bound to the presence of spin- 12 matter fields, i.e., torsion is not a
real dynamical field.
For later convenience, it will be useful to restate the description of PGT in a slightly different
formalism, which allows for a better explanation of the role of spin, so that the analogies and
differences with the Lorentz gauge theory will be more noticeable. Eq. (15) can be written as
ψ (x)→ ψ′ (x) =
(
1 +
1
2
ǫµνΣµν + ǫ
µPµ
)
ψ (x) , (31)
where ǫµ ≡ ǫ˜µ + ǫ˜ µν δ
ν
ρx
ρ, ǫαβ = ǫ˜αβ, and the generators of translations and spin rotations satisfy
the relations:
[Σab,Σcd] = ηc[aΣb]d − ηd[aΣb]c,
[Σab, Pc] = −ηc[a∂b], [Pa, Pb] = 0. (32)
The advantage of (31) consists in keeping pure rotations separated from translations. The orbital
angular momentum is this way kept independent of the spin angular momentum: the former is
strictly related with the energy-momentum, thus with the rotation-dependent part of ǫµ, while the
latter is connected with the pure-rotation parameter ǫµν . In fact, if the analogy is drawn between a
generic diffeomorphism and a global Poincaré transformation, it is impossible to perform translations
and rotations independently, but, when a localized symmetry is considered, this becomes possible,
because the parameters defining the transformation are allowed to vary freely.
4 Teleparallelism
An interesting limit of PGT is Weitzenböck or teleparallel geometry , defined by the requirement
Rabµν(A) = 0. (33)
Teleparallel geometry (see, for example, [9] for a hand-on review and all the references therein) can
be interpreted, to some extents, as complementary to Riemannian: curvature vanishes and torsion
remains to characterize the parallel transport. The physical interpretation of such a geoemtry relies
on the fact that there is a one-parameter family of teleparallel Lagrangians which is empirically
equivalent to GR [32, 33, 34].
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Lagrangian and Field equations Within this framework, the gravitational field is described by
tetrads eaµ and Lorentz connections A
ab
µ, where (33) has to be taken into account. For our
purposes, it is usefull to consider the set of Lagrangians, which are quadratic with respect to the
torsion fiel, i.e.
LTP = bLT + λab
µνRabµν + LM , (34)
where λab
µν are Lagrange multipliers which imply requirement (33) in the variational formalism,
and LT has been defined in (29). Variation of (34) with respect to the object e
a
µ, A
ab
µ and λab
µν
lead to the following field equations:
4∇ρ(bβa
µρ)− 4bβbcµTbca + ea
µbLT = τ
µ
a , (35a)
4∇ρλab
µρ − 8bβ[ab]
µ = σµab , (35b)
Rabµν = 0 . (35c)
Equation (35c) ensures (33) from variational principles. Equation (35a) characterizes eaµ from
a dynamical point of view. Eq. (35b) determines the Lagrange multipliers λab
µν , and the non-
uniqueness of λab
µν is related to an extra gauge freedom in the theory. In fact, the gravitational
Lagrangian (34) is, by construction, invariant under the local Poincaré transformations, and, up to
a four-divergence, under the set of transformations [35]
δλab
µν = ∇ρεab
µνρ , δλab
jk = ∇0εab
jk +∇iεab
jki , δλab
0j = ∇iεab
ji , (36)
where εab
µνρ ≡ εab
[µνρ] and εab
µν ≡ εab
µν0: this way, Eq.(33) implies Eq.(35b).
The λ symmetry is defined by the εab
µν parameters, so that the six parameters εab
µνi may be
removed by defining 18 λab
µν , while the other 18 degrees of freedom are given by Eq. (35b).
The gauge structure of such a one-parameter teleparallel theory is believed to be still problematic
[36, 37, 38]
Orthonormal frames For a parallelizable manifold, the path-independence of parallel transport is
implied by (33); an orthonormal frame is defined by vanishing connections:
Aabµ = 0 . (37)
This solution is not uniquely defined, but global Lorentz relate each class of orthonormal frames
obtained. Because of this, the covariant derivatives become partial derivatives, with T aµν = ∂µe
a
ν−
∂νe
a
µ. Because of the action of Lorentz transformations of the tetrad fields on the connection, i.e.
e′aµ = Λ
a
ce
c
µ ⇒ A
′ab
µ = Λ
a
cΛ
b
dA
cd
µ + Λ
a
c∂µΛ
bc ,
the solution of Rabµν(A) = 0 is given by A
ab
µ = Λ
a
c∂µΛ
bc: this way, the definition of (37) deos not
respect local Lorentz invariance, and is interpreted as a definition that fixes the gauge.
Discussion In (34), teleparalllism is given by the Lagrange multipliers λ, defined by (35b), while
(35a) accounts for the non-trivial features of the dynamics, such that, for a parallelizable manifold,
imposing (37) in the action results in teleparallelism, interpreted as a gauge field of translations
given uniquely by the tetrad field.
The consistency of teleparallel gravity when spinning matter is taken into account has also been
discussed within the framework of the teleparallel limit of PGT [39, 40]. In [39], an inconsistency,
due to frame dependence, was illustrated to arise for every gauge theory of the Poincaré group that
admits a teleparallel limit in the absence of spinning matter. Furthermore, in [40], a restricted
class of transformations was found, according to which the frame invariance of the gravitational
Lagrangian does not lead to inconsistencies, even as far as Standard-Model particles are concerned,
and experimental aspects were analyzed.
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5 Motivation for a gauge theory of the Lorentz group
In what follows, we will discuss separately the two cases of flat and curved spacetime as far as the
implementation of the geometrical gauge proposal for the Lorentz symmetry is concerned. Here,
we wish to fix some key points, which are at the ground of the physical motivation for such a
Lorentz gauge theory as a non-Riemannian effect. The local Lorentz invariance of GR has the
role of a real gauge symmetry in the sense that the corresponding changes play no physical role
in the space-time dynamics. Therefore, spin connections are not physical fields, but just gauge
potentials, subject to such transformations that do not alter the curvature tensor, describing the
Einsteinian meaning of the gravitational interaction. The diffeomorphism invariance of GR is
related to the formal transcription of a physical property, i.e., the covariance of physical laws
under changes of the reference system. Such an invariance is well formulated in terms of tensor
quantities, vanishing or not in every reference frame. Spin connections transform like vectors,
as far as diffeomorphisms are concerned, and can never vanish on a curved spacetime. Thus, if
we are able to show, as we will argue in the following, that diffeomorphism invariance induces
local Lorentz rotations, then we can conclude that spin connections can no longer be regarded
to as good gauge potentials for these rotations, because of their transformation properties. In
particular, on flat spacetime, these variables can be taken as vanishing, by choosing the tetrad
vectors as eaµ = δ
a
µ, such that they must remain identically zero under diffeomorphisms. For these
coordinate transformations, which can be interpreted as local rotations, this behavior makes them
unappropriate to restore local Lorentz invariance. In such a scheme, the request for external fields
of Lorentz gauge connections appears well grounded. This picture remains still valid in curved
spacetime, as long as we accept that the ambiguity of spin-connection transformations must be
solved in favor of their tensor nature, when diffeomorphism-induced rotations are implemented. By
other words, under real gauge transformations, spin connections feel a gauge transformation, but the
external fields transform only according to their Lorentz indices. Nevertheless, when local rotations
are induced by coordinate changes, the only fields able to restore the request of Lorentz invariance
are the latter. In fact, the nature of gauge potentials is naturally lost by gravitational connections,
behaving like tensors only. We are now going to demonstrate that, both in the infinitesimal and
in the finite case, such correspondence between coordinate changes and local rotations takes place
only if we deal with isometric diffeomorphisms. This request is naturally expected if we want
to reproduce a Lorentz symmetry, and we stress that it always holds for this restricted class of
diffeomorphisms on a Minkowski space (at the ground of the present paradigm).
Finite gauge transformations Let us consider the coordinate transformation corresponding to the
special case of an isometry of the spacetime, i.e, x′ = x′(x). The conditions ensuring invariance of
the metric tensor in term of the bein vectors is
eaµ′dx
µ′ = Λab (x)e
b
ν(x)dx
ν , (38)
where Λ denotes a local rotation. This condition is easily restated in terms of the following gradients
dxµ
′
dxν
= Λab (x)e
b
ν(x)e
µ′
a (x
′). (39)
As far as isometric diffeomorphisms are concerned, we get the key relation
eaν(x) = e
a
µ′
dxµ
′
dxν
= Λab (x)e
b
ν(x). (40)
This way, we see that the isometric component of a diffeomorphism is formally indistinguishable
from a local rotation of the bein basis, i.e., the physical implementation of a local Lorentz gauge.
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Infinitesimal case The explanation of the puzzling scenario depicted at the end of Section (2)
is hinted by the relation between diffeomorphisms and local Lorentz transformations. A generic
diffeomorphism φ : M4 → M4 maps the orthonormal basis fields e aµ into φ
∗
(
e aµ
)
, which are
not orthonormal in every point of the manifold, and do not represent any family of physically-
realizable observers; on the contrary, an isometric diffeomorphism induces orthonormal transformed
basis: an isometry generates a local Lorentz transformation of the basis. An infinitesimal isometric
diffeomorphism, described by
x′µ = xµ + ξµ(x), and ∇µξν +∇νξµ = 0, (41)
induces a transformation of the basis vectors,
e′µa(x
′) = eνa(x) + e
ν
a(x)∂νξ
µ(x). (42)
Since
e′µa(x) = Λ
b
a (x)e
µ
b(x) =
(
δba + ǫ
b
a
)
eµb(x), (43)
the rotation coefficients ǫba of an infinitesimal Lorentz transformation can be written as a function
of both the tetrad fields and the generic displacement ξµ(x).
On curved space-time, there exist two different local Lorentz transformations, which coincide in
general flat space-time2.
Active Lorentz transformations are due to the action of the Lorentz group on vectors V µ and
spinors ψ on the tangent bundle, i.e., V µ → Λ(x)µ νV
ν and ψ → S(Λ)(x)ψ, respectively, and are
mathematically represented by a Lorentz matrix depending on position and defined everywhere,
W a1a2...b1b2... = Λ (x)
a1
c1
. . .Λ−1 (x) d1b1 . . .W
c1c2...
d1d2...
,
ψ′ = S (Λ (x))ψ, ψ
′
= ψS−1 (Λ (x)) . (44)
Passive Lorentz transformations are due to isometric diffeomorphisms of the manifold, which pull-
back the local basis in the generic point P ,
φ∗ (e
a) = Λ (x)ab e
b ⇒ Λ (P )ab = e
a
µ
∂xµ
∂x′ν
∣∣∣∣
x′=P
eνb . (45)
While active transformations do not involve coordinates and are defined everywhere once the matrix
function Λ (x)
a
b is assigned, passive transformations can be reduced to a local Lorentz transforma-
tion only in the generic point P , acting as a pure diffeomorphisms in the other points on the
manifold.
Active and passive Lorentz transformations can be demonstrated to coincide in curved space-time
too, as it can be inferred by the comparison of the transformation laws for the tetrad field under
Lorentz and world transformations. In fact, for local Lorentz transformations, one gets
e′aµ (x
′) = Λab(x
′)eaµ(x
′), (46)
while, for world transformations,
eaµ(x)→ e
′a
µ (x
′) = eaµ(x)
∂xρ
∂x′µ
≈ eaµ(x) + e
a
ρ(x)
∂ξρ
∂x′µ
. (47)
The comparison leads to
e′aµ (x
′) = eaµ(x
′) + ebµ(x
′)ǫab , (48)
2It is worth remarking that active and passive translations are discussed within the framework of translation gauge
too, as outlined, for example, in [20].
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where
ǫab ≡ −Dbξ
a −Rabcξ
c (49)
and λabc = Rabc − Rbac are the anholonomy coefficients. To pick up local Lorentz transformations
from the set of generic diffeomorphisms, the isometry condition ∇(µξν) = 0 must be taken into
account, so that in (49) only the anti-symmetric part of Dbξ
a does not vanish. Finally, we get
ǫab = D[aξb] −Rabcξ
c, (50)
which is anti-symmetric, i.e. ǫab = −ǫba.
Discussion These considerations helped us focus general attention on the use of local passive
Lorentz rotations, and search a consistent formulation for the physical nature of the corresponding
gauge fields. The difference between flat and curved spacetime is emphasized because, in the former
case, we are allowed to extract physical information on the proposed gauge fields in the simple case
of vanishing spin connections, while, in the second case, details on the interaction between gravity
and gauge fields can be outlined by fixing the extended dynamical equations.
6 Gauge theory of the Lorentz group on flat Space-Time
This section is dedicated to the construction of a gauge description of the pure Lorentz group on a
flat Minkowski space-time. The choice of flat space is due to the fact that, in this case, the Riemann
curvature tensor vanishes and, consequently, the usual spin connections ωab can be set to zero (but,
in general, they are allowed to be non-vanishing in view of local Lorentz invariance). This allows one
to introduce Lorentz-valued connections as the gauge field of passive local Lorentz transformations
on flat space-time as far as the correspondence between an infinitesimal diffeomorphism and a local
Local rotation is recovered, as shown in the previous section.
Tensors Let M4 be a 4-dimensional flat manifold: the metric tensor gµν reads
gµν = ηαβ
∂xα
∂yµ
∂xβ
∂yν
= ηαβe
α
µe
β
ν , (51)
where eαµ are bein vectors, x
α are Minkowskian coordinates, and yµ are generalized coordinates.
For an infinitesimal generic diffeomorphism
yµ ≡ xα → y′µ = y′µ(xα) = xα + ξα(xγ) (52)
and for an infinitesimal local Lorentz transformation
xα → x′α = xα + ǫαβ(x
γ)xβ , (53)
the behavior of a vector field Vα → V
′
α must be the same: from the comparison of the two transfor-
mation laws
V ′µ(y
′ρ) = Vµ(y
ρ) +
∂ξν(yρ)
∂yµ
Vν(y
ρ), (54)
V ′α(x
′γ) = Vα(x
γ) + ǫ βα Vβ(x
γ), (55)
respectively, the identification
ǫ βα ≡
∂ξα(x
γ)
∂xβ
(56)
is possible, where the isometry condition
∂βξα + ∂αξβ = 0 (57)
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has been taken into account in order to restore the proper number of degrees of freedom of Lorentz
transformations, 10, out of that of generic diffeomorphisms, 16.
The coordinate transformation that induces vanishing Christoffel symbols in the point P is
xαP = x
α
tb +
1
2
[
Γαβδ
]
P
xβtbx
δ
tb, (58)
where tb refers to the tangent bundle: the comparison with a generic diffeomorphism (52) leads to
the identification in the point P
yµ(xα)P = x
α
tb +
1
2
[
Γαβδ
]
P
xβtbx
δ
tb − ξ
α, (59)
i.e. the coordinates of the tangent bundle are linked point by point to those of the Minkowskian
space through the relation (58), and they differ for the presence of the infinitesimal displacement ξ.
Spinors The action describing the dynamics of spin- 12 fields on a 4-dimensional flat Minkowski
manifold M4 is
S =
i
2
∫
d4x
(
ψγa∂aψ − (∂aψ)γ
aψ
)
, (60)
where γa are Dirac matrices, and is invariant under global Lorentz transformations, which act on
the spinor fields ψ and ψ as
ψ → S (Λ)ψ, ψ → ψS−1 (Λ) , (61)
where S (Λ) is a nonsingular function of the Lorentz matrix Λ, if the γ matrices transform like
vectors,
S (Λ) γaS−1 (Λ) = Λabγ
b. (62)
S (Λ) for infinitesimal proper transformations ((Λ)
a
b = δ
a
b + ǫ
a
b, with ǫ
ab = −ǫba and ǫab ≪ 1)
reads
S (Λ) = 1−
i
4
ǫabΣab, (63)
where Σab are the generators of the Lorentz group
3.
If this scenario is generalized, i.e., if accelerated coordinates, which are related to Minkowskian
coordinates through (51), are taken into account, spinor fields, differently from vector fields, have to
recognize the isometric components of the diffeomorphism (56) as a local Lorentz transformation.
In fact, bein vectors eαµ defined in (51) form a basis on M
4, and, as a vector field, are the projection
operators that map each point of the manifold to the tangent bundle, as defined in (59), thus
characterizing the space where local Lorentz transformations live.4 In an accelerated frame, Lorentz-
valued connections have to be introduced for matter fields:
L =
i
2
eµa
[
ψγa∂µψ − ∂µψγ
aψ
]
, (64)
3In analogy with the formalisms of particle Physics and renormalization techniques [41, 42], a suitable coupling
constant could be attributed to the symmetry induced by the Lorentz group. Anyhow, because of the technical
character of this analysis, here we prefer follow the notation of the great majority of the works [13, 43], also in
metric-affine gravity. Nonetheless, it is worth remembering that such a coupling constant should be very small,
as this kind of interaction has not been detected experimentally yet [44]. For some issues related to the use of
such a coupling constant, see also [44].
4It is worth remarking that, from an operationally-motivated point of view, bein vectors characterize a family of
observers; in particular, the vector e0µ, at each event, is tangent to the world line of the observer at that point,
while the 3-dimensional basis vectors eiµ (i ≡ 1, 2, 3) are aligned along the principal axis of the experimental device.
In the accelerated frame, the diffeomorphism-induced Lorentz group is local, i.e., at each point of the manifold,
there is a different action of the Lorentz group: the equivalence of every local basis (≡observer) introduces on the
flat manifold M4 a gauge freedom connected with pure local Lorentz rotations.
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where the projectors eµa from the target space to the tangent physical space are present; local
Lorentz transformations for spinor fields read
ψ(x)→ S(Λ)(x)ψ(x), ψ(x)→ ψ(x)S−1 (Λ) (x), (65)
where S(Λ)(x) is a non-singular matrix ∀x. Let us assume that the γ matrices transform locally as
vectors, i.e.,
S(Λ)(x)γaS−1(Λ)(x) =
(
Λ−1
)a
b
(x)γb : (66)
for an infinitesimal local Lorentz transformation
S (Λ) = 1−
i
4
ǫab(x)Σab, (67)
covariant gauge derivatives
Daψ = e
µ
aDµψ = e
µ
a
(
∂µψ −
i
4
Abcµ Σbcψ
)
, (68a)
Daψ = e
µ
aDµψ = e
µ
a
(
∂µψ +
i
4
ψΣbcA
bc
µ
)
, (68b)
assure invariance under local Lorentz transformations,
γµDµΨ→ S(Λ)γ
µDµΨ (69)
provided that the gauge fields transform as
Aab → Λ(x)
a
cA
c
dΛ
−1(x)db + Λ(x)
a
cdΛ
−1(x)cb, (70)
or, in the infinitesimal case,
ωµ → S
−1(Λ)ωµS
(Λ)− S−1(Λ)∂µS(Λ), (71)
i.e., as Yang-Mills gauge fields.
The implementation of local Lorentz symmetry, ∂µ → Dµ, leads to the interaction-Lagrangian
density
Lint =
1
8
(
ψγaΣbcA
bc
µ e
µ
aψ − ψΣbcγ
aAbcµ e
µ
aψ
)
, (72)
which can be equivalently rewritten as
Lint =
1
8
eµa ψ {γ
a,Σbc}ψA
bc
µ = −J
µ
bcA
bc
µ , (73)
where curl brackets {} indicate the anti-commutator, and, because{
γa,Σbc
}
= 2ǫabcdγ5γ
d, (74)
we get
Jabµ = −
1
4
ǫabcde
c
µ j
d
A, (75)
where jdA = ψγ5γ
dψ is the spinor axial current: the spinor axial current interacts with the gauge
field Aµ, and is the source of the gauge field itself.
An action for the gauge field has to be added: since the curvature 2-form of the Lorentz gauge
connections
F ab = dAab +Aac ∧A
cb, (76)
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is not invariant under gauge transformations, as usual in Yang-Mills gauge theories, the gauge
invariant action for the model will be
S (A) =
1
32
∫
tr ⋆ F ∧ F = −
1
4
∫
d4x det {e}F abµν F
µν
ab, (77)
where ⋆ denotes the Hodge operator. From a physical point of view, the most natural action is (77)
[42]. Anyhow, from a mathematical and more abstract point of view, it would also be possible to
introduce the irreducible pieces of F with different weights. We will further discuss this possibility
within the framework of curved spacetime.
Field equations Collecting all the terms together, we obtain the complete action
S (A) + SFM
(
ψ, ψ,A
)
=
∫
d4x det {e}
{
− 14
(
F abµν F
µν
ab
)
+ i2 e
µ
a
[
ψ γaDµψ −Dµψ γ
aψ
]}
, (78)
where the covariant derivatives (68) have been introduced. It is straightforward to verify that
this expression naturally fits all the features of a Yang-Mills gauge description. In fact, the co-
variant derivatives (68) assure invariance under local Lorentz transformations, in terms of a gauge
transformation, for the spinor part of the action, and the term (77) also is invariant under such
transformations. According to this picture, it will be natural to obtain the typical field equations of a
Yang-Mills theory. Furthermore, it is worth remarking that the introduction of different irreducible
pieces of F with different weights would spoil such gauge description.
Since we are dealing, for the moment, with flat space-time, tetrad vectors are not dynamical
fields, but only projectors from the target space to the general physical space, then they will appear
only in the expression of the invariant volume of the space-time and in scalar products: no variation
with respect to them will be needed for field equations. Actually the only real dynamical field is
the Lorentz-valued connection 1-forms Aab. In fact, if, in analogy with GR, the curvature 2-form
saturated on bein vectors is considered as an action for the model, a trivial theory is obtained.
Variation of (79) with respect to the tetrad field would provide the total energy-momentum tensor
accounting for the dynamics and interactions of the vector field A and the spinor fieldΨ, respectively.
Such a variation will indeed be crucial in casting Einstein equations on curved space-time (where
the gravitational action has to be added), but here the vier-bein variables are regarded simply as ’
kinematic ’ variables only.
Variation with respect the field A aµ b leads to the dynamical equations
DµF
µνa
b = J
νa
b, (79)
which are the Yang-Mills equations for the non-Abelian gauge field of the Lorentz group on flat
space-time. The source of this gauge field is the conserved density of spin of the fermion matter.
Variation with respect to the spinor fields ψ and ψ and relation (74) lead to the usual Dirac
interaction equations for the spinor field and for the adjoint field:
eµa
[
iγa∂µ +
1
8
{γa,Σcd}A
cd
µ
]
ψ = eµa
[
iγa∂µ +
1
4
ǫabcdγ5γbA
cd
µ
]
ψ = 0, (80)
and
eµaψ
[
iγa
←
∂ µ −
1
8
{γa,Σcd}A
cd
µ
]
= eµaψ
[
iγa
←
∂ µ −
1
4
ǫabcdγ5γbA
cd
µ
]
= 0. (81)
Field equations illustrate that the dynamics for a spinor field in an accelerated frame differs from
the standard Dirac dynamics for the spinor-gauge field interaction term, i.e., spinor fields are not
free fields any more. For the analysis of the Dirac equation in non-inertial systems in flat spacetime,
see also [45]. The present goal is to extend this formulation on a curved space-time manifold, on
which non-vanishing Ricci rotation coefficients appear.
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7 Gauge theory of the Lorentz group on curved Space-Time
The considerations developed in the previous sections can be generalized to curved space-time; the
torsion-less assumption of GR, perfectly realized by the Hilbert-Palatini action, does not allow for
an independent gauge field of the Lorentz group.
The connections Aab have been introduced on a general flat manifold in order to restore local
invariance for the Lagrangian density of spinor fields under passive local Lorentz transformations.
Generalizing the framework to curved space-time will provide a geometrical interpretation for the
new connection fields, which will be identified with the fieldKab. The need to introduce local Lorentz
gauge fields in curved space-time is aimed at restoring local invariance of the spinor Lagrangian
density under passive local Lorentz transformations, while spin connections allow one to recover
the proper Dirac algebra for Dirac matrices. The generalization consists in considering the space-
time M4 as a curved manifold, on which the tetrad basis is consists of dynamical fields, which
describe pure gravity; local Lorentz transformations are still considered as a gauge freedom, so that
Lorentz-valued connection fields have to be introduced.
In the next paragraphs, within the framework of curved space-time, the relation between the
gauge field of the Lorentz group and the geometrical properties of metric-compatible space-times
will be investigated. In particular, in the second-order approach, the possibility of identifying the
contortion field with Lorentz connections will be investigated, while, in the first-order approach, the
geometrical hypotheses for the introduction of torsion as a Lorentz gauge field will be addressed.
The two approaches will be compared in the linearized regime.
Second-order approach If we consider Riemann-Cartan spaces, endowed with the affine connec-
tions (25), we look for an operator Dµ which allows for
Dµγν = 0; (82)
such an operator is found to be
DµA = ∇µA− [Γµ, A] (83)
for a generic geometrical object, and
Dµψ = ∂µψ − Γµψ, Dµψ¯ = ∂µψ¯ + ψ¯Γ
µ (84)
for spinor fields, so that the matter Lagrangian density reads
LM = −
i
2
ψ¯γaeµaDµψ +H.C., (85)
where H.C. denotes Hermitian conjugation.
By substitution of (25) in (83), after standard manipulation one finds the expression for the
connections
Γµ = Γ
R
µ + Γ
K
µ =
1
2
Rab¯µ Σab +
1
2
Aab¯µ Σab, (86)
where the tetrad projection of the Ricci coefficients and of the contortion field are defined, respec-
tively,
Rabµ = Rabce
c
µ, (87)
Aabµ ≡ −Kρσµe
ρ
ae
σ
b . (88)
The connections Γµ defined in (83) split up into two different terms, the spin connections Γ
R
µ , which
restore the commutation relations of the Dirac matrices in the physical space-time, and the gauge
connections ΓKµ , which reestablish invariance under local Lorentz transformations, respectively. If
R = 0, the scenario depicted above reduces to the results of (6), so that the gauge connections ΓKµ
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can be interpreted as the real gauge fields of the local Lorentz group, for they are non-vanishing
quantities even in flat space-time, as requested for any gauge field. Furthermore, formula (50)
illustrates once more that Rabc cannot be a gauge field, for it defines gauge transformations on the
tangent bundle.
Since,in a gauge setting, gauge connections are primitive objects, the total action S ≡ S(e, A, ψ)
must depend on the independent fields ψ, e, and A, such as
S = S(e, A, ψ) = −
1
2
∫
det(e)d4x[R(e)− (LM −
1
4
Fµν(A)F
µν (A))], (89)
where gauge-fixing terms have not been included, as it will be convenient, for our purposes, to
work in the restricted space of conserved currents. Variation of the action with respect to the
independent fields leads to field equations. Variation with respect to bein vectors, δeaµ, leads to the
bein projection of the Einstein equations, with Yang-Mills tensor T µν as source
(Rµν −
1
2
gµνR)e
ν
a = Tµa, (90)
while variation with respect to the field δAabµ brings Yang-Mills equations, with the spinor current
density as a source:
DµF
µνa
b = J
νa
b. (91)
Finally, the Dirac equation for the spinor field ψ is obtained after variation with respect to the
adjoint field, δψ¯,
γµDµψ = 0, (92)
and vice-versa.
The comparison between local Lorentz transformations and gauge transformations allows one to
obtain the expression for conserved quantities. This way, since the current density (91) admits the
conservation law
DµJ
µab = 0, (93)
a conserved (gauge) charge5 can be defined
Qab =
∫
d3xJ0ab = const; (94)
on the other hand, the bein projection of the spin term of the angular momentum tensor Mµν , the
conserved quantity for Lorentz transformations in flat space time, reads
Mab =
∫
d3xπrΣ
ab
rsψs = const., (95)
which coincides with (94), provided that πr is the density of momentum conjugate to the field ψr,
i.e., πr = ∂L/∂ψ˙r. This identification is possible only on flat space-time, because of the definition
of the parameter ǫab (50), which points up the remarkable features of local Lorentz transformations
on the tangent bundle.
First-order approach If one relaxes the torsion-less assumption, the second Cartan structure
rewrites
dea + ωab ∧ e
b = T a, (96)
5This quantity is a conserved one if one assumes that the fluxes through the boundaries of the space integration
vanish
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where T a is the torsion 2-form; this equation is solved by the connections
ωab = ω˜
a
b +K
a
b, (97)
where Kab is the contortion 1-form, such that T
a = Kab ∧ e
b, while ω˜ab are the usual connection
1-forms. As a result, new 1-forms appear in the dynamics, which reestablish the proper degrees of
freedom for the connections of the Lorentz group.
In GR, nevertheless, these connections do not describe any physical field: after substituting
the solution (97) of the structure equation into the Hilbert-Palatini action6, one finds that the
connections Kab appear only in a non-dynamical term, i.e.,
S(e, ω) =
1
2
∫
ǫabcd e
a ∧ eb ∧
(
R˜cd +Kcf ∧K
fd
)
. (98)
Since the other terms vanish because of the structure equation, the connections Kab themselves
vanish after variation, unless spinors are taken into account: in this case, the connections Kab
become proportional to the spin density of the matter, thus giving rise to the Einstein-Cartan
model, where the usual four-fermion term arises.
As far as the formulation of a Lorentz gauge theory is concerned, we will denote the connection
1-forms for local Lorentz transformations, independent of any other fields, with the quantities Aab
, and the standard connections of GR, which depend on the gravitational field and on spinors (if
matter is taken into account) with ωab. Then the total connections eventually rewrite
Cab = ω
a
b +A
a
b. (99)
From the comparison of (97) and (99), it can be inferred that the presence of the fields A is
connected with the appearance of torsion in space-time, so that, if the proper geometrical interpre-
tation has to be attributed to the fields A, the interaction term between the spin connections ω and
the fields A
Sint = 2
∫
ǫabcd e
a ∧ eb ∧ ω
[c
f ∧ A
fd] (100)
has to be postulated. The action describing the dynamics of the fields Aab is just the same introduced
in section (6), (77), while the action that accounts for the connections ωab can be taken as (9), since
its presence is due to the existence on curved space-time of a particular local Lorentz transformation
connected to the invariance under diffeomorphisms. Collecting all the terms together, we get
S
(
e, ω,A, ψ, ψ
)
=
1
4
∫
ǫabcd e
a ∧ eb ∧Rcd+
−
1
32
∫
tr ⋆ F ∧ F −
1
4
∫
ǫabcd e
a ∧ eb ∧ ω
[c
f ∧ A
fd]+
+
1
2
∫
ǫabcd e
a ∧ eb ∧ ec ∧
[
iψγd
(
d−
i
4
(ω +A)
)
ψ − i
(
d+
i
4
(ω +A)
)
ψγdψ
]
. (101)
Two cases can be distinguished, where the properties of the Lorentz connections are defined from a
geometrical point of view, according to the absence or presence of spinors.
If fermion matter is absent, the action reduces to
S (e, ω,A) =
1
2
∫
ǫabcd e
a ∧ eb ∧Rcd −
1
32
∫
tr ⋆ F ∧ F −
∫
ǫabcd e
a ∧ eb ∧ ω
[c
f ∧ A
fd]. (102)
6Let S (qi, Qj) be an action depending on two sets of dynamical variables, qi and Qj . The solutions of the dynamical
equations are extrema of the action with respect to both the two sets of variables: if the dynamical equations
∂S/∂qi = 0 have a unique solution, q
(0)
i (Qj) for each choice of Qj , then the extrema of the pullback S (qi (Qj) , Qj)
of the action to the set of solution are precisely the extrema of the total total action S (qi, Qj). For an application
of this theorem, see, for example, [46].
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Variation with respect to the connections ω gives, after standard calculations,
d(ω)ea = Aab ∧ e
b, (103)
which admits the solution
ωab = ω˜
a
b +A
a
b, (104)
were ω˜ab are the usual connection 1-forms: because of the analogy with the solution of the second
Cartan structure equation (97), the connection A can be identified with the 1-form K.
Since solution (104) is unique, action (102) can be pulled back to the given solution to obtain the
reduced action for the system, which now depends on the gravitational field and on the independent
connections of the Lorentz group only. Namely, we have:
S (e, A) =
1
4
∫
ǫabcd e
a ∧ eb ∧ R˜cd −
1
32
∫
tr ⋆ F ∧ F+
−
1
4
∫
ǫabcd e
a ∧ eb ∧ ω˜
[c
f ∧ A
fd] −
1
4
∫
ǫabcd e
a ∧ eb ∧ Acf ∧A
fd, (105)
where ω˜ = ω˜(e) and R˜ = R˜(ω˜) denote the Ricci spin connections and the Riemann curvature
2-form, respectively.
Variation with respect to the gravitational field and the connections of the Lorentz group leads
to
ǫabcd e
b ∧ R˜cd = Ma + ǫabcd e
b ∧
(
ω˜cf +A
c
f
)
∧ Afd, (106a)
d(A) ⋆ F fd = ǫ
[d
abc e
a ∧ eb ∧
(
ωcf ] + 2Acf ]
)
, (106b)
where Ma is the energy-momentum 3-form of the field A, which can be explicitly obtained after
variation of the Yang-Mills-like action with respect the gravitational 1-form. Eq.s (106) describe the
coupled system of gravitational- and Lorentz-connection fields, i.e., they do not couple only through
the energy-momentum tensor of the connection field. In fact, the presence of the interaction term
(100) yields non-standard couplings both on the rhs of the Einstein equations and in the rhs of
the Yang-Mills dynamical equations, and, in particular, while in flat space, the only source for
the Lorentz connection fields A is the density of spinor matter, in curved space-time also the
gravitational spin connections become a source for this field. As a result, the gravitational field is
a source for the torsion of space-time.
When the matter contribution is taken into account, variation of (101) with respect to the con-
nections ω leads to
d(ω)ea = Aab ∧ e
b −
1
4
ǫabcde
b ∧ ecjd(A), (107)
where ja(A) = ψγ5γ
aψ, i.e., the spinor axial current, deeply modifies eq. (103). In fact, the presence
of spinor matter prevents one from identifying the connections A as the only generator of torsion,
since all the terms in the rhs of the second Cartan structure equation have to be interpreted as
torsion. This way, both the fields A and the spinor axial current contribute to the torsion of space-
time. It is worth noting that, if the field A vanishes, we obtain the usual result of PGT, i.e. the
Einstein-Cartan contact theory, in which torsion is directly connected with the density of spin and
does not propagate.
Eq. (107) admits the unique solution
ωab = ω˜
a
b +A
a
b +
1
4
ǫabcde
cjd(A), (108)
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which can be inserted in the total action (101), thus bringing the result
S
(
e, A, ψ, ψ
)
=
1
4
∫
ǫabcd e
a ∧ eb ∧ R˜cd −
1
32
∫
tr ⋆ F ∧ F+
+
1
2
∫
ǫabcd e
a ∧ eb ∧ ec ∧
[
iψγd
(
d−
i
4
(ω˜ +A)
)
ψ − i
(
d+
i
4
(ω +A)
)
ψγdψ
]
−
1
4
∫
ǫabcd e
a ∧ eb ∧Acf ∧ A
fd −
1
4
∫
ǫabcd e
a ∧ eb ∧ ω˜
[c
f ∧ A
fd]+
−
3
16
∫
ea ∧ eb ∧ ec ∧A
[ab j
c]
(A) −
3
16
∫
d4x ηabj
a
(A)j
b
(A), (109)
where the last term is the usual four-fermion interaction of the Einstein-Cartan scheme.
Variation with respect to the remaining fields leads to a generalization of the dynamical equations
(106), where now the contribution of fermions is present too, i.e.,
ǫabcd e
b ∧ R˜cd = Ma + ǫabcd e
b ∧
(
ω˜cf +A
c
f
)
∧ Afd+
+
9
8
eb ∧ ec ∧ A
[abj
c]
(A) −
1
16
ǫa bcde
b ∧ ec ∧ edηfgj
f
(A)j
g
(A)+
− 3ǫa bcde
b ∧ ec ∧
[
iψγd
(
d−
i
4
(ω˜ +A)
)
ψ − i
(
d+
i
4
(ω +A)
)
ψγdψ
]
, (110a)
d(A) ⋆ F fd = ǫ
[d
abc e
a ∧ eb ∧
(
ωcf ] + 2Acf ]
)
+
27
4
ed ∧ ef ∧ ec ∧ j
c
(A). (110b)
Consequently, the density of spin of the fermion matter is present in the source term of the Yang-
Mills equations for the Lorentz connection fields, and the Einstein equations contain in the rhs not
only the energy-momentum tensor of the matter, but also a four-fermion interaction term. The
dynamical equations of spinors are formally the same as those of the Einstein-Cartan model with
the adjoint of the interaction with the connections of the Lorentz group A.
As a result, the Einstein-Cartan contact interaction is recovered in the limit of vanishing Lorentz
connections, thus shedding light on the existence of independent connections of the Lorentz group
on curved space-time, which modifies profoundly the dynamics of the gravitational field both in
absence and in presence of fermion matter. In particular, in the first case, the connections A are in
strict relation with the torsion tensor modifying the Riemannian structure of ordinary space-time,
while, in the second case, the presence of fermions already modifies the structure of space-time,
and the Lorentz connections A contribute to the torsion tensor with a boson term. Moreover, the
bosonic and fermionic parts of torsion interact, the latter being a source for the boson part of
torsion, and the former the mediator of the interaction between two-fermion torsion terms.
In the most general metric structure, curvature, torsion and non-metricity are present (see for
example [47] for the relation between Riemannian curvature and generalized curvature). In [21], the
most general parity-conserving quadratic Lagrangian has been established for this metric structure,
in terms of the irreducible pieces of non-metricity, torsion and curvature, and a cosmological term
is also included.
In the curvature square term, the irreducible pieces of the symmetric and antisymmetric parts of
the curvature 2–form have been introduced. Moreover, Since VMAG is required to be an odd 4–form,
if parity conservation is assumed, it has to be built up with one Hodge star, according to the scheme
F ∧ ⋆F , since the star itself is an odd operator, as well as the Hilbert-Einstein type term and the
cosmological term. Thus VMAG is homogeneous of order one in the star operator. This model
has also been analyzed in [20], where its has been compared with Einstein-Cartan theory, PGT,
the implications of the coupling with a scalar field, and the possibility that these models, possibly
combined with a suitable symmetry-breaking mechanism, might lead to a consistent quantization
program is also envisaged.
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The works [28, 27, 48, 49] (see also [50] and the references therein for a review about torsion
gravity) deal with models where only torsion and curvature are considered. In particular, the
irreducible terms under the action of the Lorentz group are classified as
T µ = T σµσ (111a)
tµνρ = Tµνρ + Tνρµ −
1
3 (Tνgµρ + Tµgνρ) +
2
3gµνTρ (111b)
aµ =
1
3ǫµνρσT
νρσ, (111c)
i.e. the trace, a traceless part and an antisymmetric part, respectively. The total action accounting
for the presence of torsion Ltors was taken as
Ltors = αtµνρt
µνρ + 4βTµT
µ + γaµaµ, (112)
where three constants have been introduced. Furthermore, the procedure was repeated also for the
curvature scalar, and parity-violating terms were excluded. When the scalar invariant is added, as
a result, a ten-parameter Lagrangian is found. Our simplified action (109) is forced by the coupling
allowed by a geometrical interpretation of this Lorentz gauge theory.
Discussion To better understand the physical implications of first- and second-order approaches,
a comparison between field equations should be accomplished. In particular, in the first-order
approach, the role of the gravitational filed as a source of torsion should be analyzed, since it has
no analogs in GR. Because the gravitational field acts like a source term, it should be compared
with a ”current” term, which can be worked out from the second-order formalism. For the sake
of simplicity, we will restrict our analysis to the linearized regime in the transverse-traceless (TT)
gauge.
If we consider the case of small perturbations hµν of a flat Minkowskian metric ηµν ,
gµν = ηµν + hµν , (113)
and the corresponding expression of the tetrad field as a sum of the Minkowskian bein projection
δaµ and the infinitesimal perturbation ζ
a
µ,
eaµ = δ
a
µ + ζ
a
µ, (114)
the following identifications hold
ηµν = δ
a
µδaν (115a)
hµν = δaµζ
a
ν + δaνζ
a
µ. (115b)
In the linearized regime, all quantities will be truncated at the first order of ζ.
Because of the interaction term (100) postulated in the first-order approach, it is possible to solve
the structure equation and to express the connections as a sum of the pure gravitational connections
plus other contributions, both in absence and in presence of spinor matter. The connections ωabµ =
ebν∇µe
a
ν rewrite, because of the linearization,
ωabµ = δ
bν
(
∂νζ
a
µ − Γ˜(ζ)
ρ
µνδ
b
ρ
)
, (116)
where Γ˜(ζ)ρµν are the linearized Christoffel symbols, i.e.,
Γ˜(ζ)ρµν =
1
2
δρσ (ζσµ,ν + ζσν,µ − ζµν,σ) . (117)
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The Einstein Lagrangian density for gµν in the TT gauge reads
L = (∂ρhµν) (∂
ρhµν) , (118)
from which M τ αβ , the spin-current density associated with the spin angular momentum operator,
can be evaluated for a Lorentz transformation of the metric. In fact, if we consider the transforma-
tion
gµν →
∂xρ
′
∂xµ
∂xσ
′
∂xσ
gρ′σ′ , (119)
where x′ρ = xρ + ǫρ τx
τ , then the current reads
M τφυ =
∂L
∂hµν,τ
Σρφυσµν hρσ =
(
ηχµζν,τχ + η
χνζµ,τχ
)
Σρφυσµν
(
ηpiρζ
pi
σ + ηpiσζ
pi
ρ
)
, (120)
where
Σρφυσµν = η
χ[φ
(
δρχδ
υ]
µ δ
σ
ν + δ
ρ
µδ
σ
χδ
υ]
ν
)
. (121)
The two quantities (116) and (120) do not coincide: in fact, (116) is linear in the ζ terms, while
(120) is second order in ζ by construction. Since the connections ω, on the rhs of (106b), acquire
the physical meaning of a source for torsion, they can be interpreted as a spin-current density.
Nevertheless, (116) is linear in ζ, since the interaction term (100) is linear itself; as suggested by
the comparison with gauge theories, and with (120) in particular, the interaction term should be
quadratic. In this case, however, it would be very difficult to split up the solution of the structure
equation as the sum of the pure gravitational connections plus other contributions.
8 Concluding Remarks
The considerations developed in this paper have been prompted by observing that GR admits two
physically different symmetries, namely the diffeomorphism invariance, defined in the world space-
time, and the local Lorentz invariance, associated to the tangent fiber. Such two symmetries reflect
the different behaviors of tensors and spinors, respectively, when global Lorentz transformations
become local, i.e., while tensors do not experience the difference between the two transformations,
spinors do. In the Lorentz-gauge proposal, the diffeomorphism invariance concerns the metric
structure of the space-time and it finds in the vier-bein fields the natural gauge counterpart, though
the gauge picture holds on a qualitative framework. On the other hand, the real gauge symmetry
corresponds to local rotations in the tangent fiber and admits a geometrical gauge field induced by
the space-time torsion and its properties. In the present analysis, the keypoint has been fixing the
equivalence between isometric diffeomorphisms and local Lorentz transformations. In fact, under,
the action of the former, spin connections behave like a tensor and are not able to ensure invariance
under the correspondingly-induced local rotations.
This picture can lead one to infer the existence of a (metric-independent) gauge field of the Lorentz
group, identified with the connection 1-forms A, which interact with spinors. The usual connection
1-forms could not be identified with the suitable gauge fields, for they iare not a primitive object
(they depend on bein vectors) and define local Lorentz transformations on the tangent bundle.
The mathematical identification of the Lorentz gauge field with the contortion field follows from
the Cartan structure equation if a (unique ) interaction term between the gauge field and the
spin connection is introduced. This interaction term induces a Riemannian source to Yang-Mills
equations; thus, the real vacuum dynamics of the Lorentz gauge connections takes place on a
Minkowski space only, when the Riemannian curvature and the spin currents provide negligible
effects, and spin connections can be chosen as vanishing. In fact, it is the geometrical interpretation
of torsion as a gauge field that generates the non-vanishing part of Lorentz connections on flat
space-time.
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Differently from PGT, translations are not treated as a gauge freedom for spinors, because they
have no spinor representation, so that spinors are not expected to distinguish between generic
diffeomorphisms and translations. Furthermore, the Yang-Mills nature of Lorentz gauge connections
enables one to predict propagating fields. Despite these fundamental differences, a pure contact
interaction for spinor fields is recovered for vanishing Lorentz connections: in this case, the Cartan
structure equation provides non-zero torsion even when gauge bosons are absent. From this point
of view, PGT can be qualitatively interpreted as the first-order approximation of the Lorentz-
gauge scheme, when the carrier of the interaction is not observable, because of the weakness of its
interaction.
As far as short-range interacting torsion is concerned, it is worth remarking that a wide class of
models also exists, where the only modes of the torsion tensor which interact with matter are massive
scalars. In the valuable analysis presented in [51], for example, the parameter space of the model
has been properly constrained, such that torsion decays quickly into matter fields, and no long-
range fields are generated, which could be discovered by ground-based or astrophysical experiments.
Within this work, in particular, the possibility to introduce propagating torsion and its observational
consequences are discussed: possible actions for torsion, consisting in powers and derivatives of
torsion, are hypothesized, and the interaction with external matter fields is investigated. Among
these possibilities, a single matter-interacting scalar mode is picked up, according to the request
that no arbitrary constraints on the dynamics should be present. The main difference between this
proposal and our work relies on the choice of a suitable action for torsion and on the motivations for
such a choice. In fact, while, in the relevant approach developed in [51] several actions for torsion
are taken into account, whose implications are evaluated to be not detectable in astro-physical or
ground based experiments, our proposal for the action accounting for the presence of torsion is
based on attributing a proper geometrical interpretation to Lorentz connections.
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